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1. Let U,V be neighborhoods of 0 in R® and let f : U — V be a diffeomorphism
such that f(0) = 0. Then show that the restriction of f to a suitable neighbor-
hood of 0 can be expressed as a composition of finitely many permutations and
primitive diffeomorphisms. [20]

2. (a)

Let f: U — R be continuous function such that [ |f(z)| dz < co. Here U
U

is an open set in R™. Let Uy, ..., U, be open subsets of U whose union is
U. Then show that [ f(z) dz = > (=1)FD=1 [ f(x)dz.
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Let U,V be open subsets of R” and let g : V' — U be a diffeomorphism.
Consider the class C' consisting of all open subsets Uy of U such that,

for every continuous function f : U — R, satisfying [ |f(z)|dz <, the
U

/ f(z) de = / | det /(2] f(g(x)) da
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formula

is valid for all open subsets V; of Uj. Prove (without using the change of
variable theorem !) that this class C is closed under finite union. You may
use (with or without proof!) the result of part (a). [20]

Give an example of a C! - function f : R? — R? such that f’(z) is invertible
for all x, but f is neither one - one nor onto.

Let f: R? — R? be the diffecomorphism defined by f(x,y) = (y,z). Show
that there is no neighborhood of zero on which f can be written as the
composition of two primitive diffeomorphisms. [20]

4. Define the exterior derivative d(w) of a differential k- form in the class C'. Show
that if w, A are k-form and [-form in the class C' then d(w A \) = (dw) A X +
(—=1)*w A dX\. Hence deduce that if w is in the class C? then ddw = 0. [20]

5. Let f: U — V be a homeomorphism between two open subsets of R". Suppose
f is in the class C*, i.e., all the kth order (and smaller order) partial derivatives
Di1Di,...Diy, f exist and are continuous, for all 1 < 4y,...,7; < n. Then show
that f~! is in the class C*. [20]



